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MyAim

To show how proof terms
for classical propositional logic
form a category, and to examine

some of its properties.
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Today's Plan

Proof Terms

The Proof Term Category

It’s not Cartesian

It is Monoidal, and more…

Isomorphisms

Further Work
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proof terms



There can be different ways to prove the same thing

p^ q � p_ q
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Four different derivations,

two proofs

p � p
^L

p^ q � p
_R

p^ q � p_ q

p^ q

p

p_ q

p � p
_R

p � p_ q
^L

p^ q � p_ q

q � q
^L

p^ q � q
_R

p^ q � p_ q

p^ q

q

p_ q

q � q
_R

q � p_ q
^L

p^ q � p_ q
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Motivating Idea

Proof terms are an invariant
for derivations under rule permutation.

δ1 and δ2 have the same term iff
some permutation sends δ1 to δ2.
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Four different derivations, two proof terms

xñy

x : p � y : p
^L

´̂xñ_́y

x : p^ q � y : p
_R

´̂xñ_́y

x : p^ q � y : p_ q

´̂xñ_́y

xñx

x : p � y : p
_R

xñ_́y

x : p � y : p_ q
^L

´̂xñ_́y

x : p^ q � y : p_ q

xñy

x : q � y : q
^L

`̂xñy

x : p^ q � y : q
_R

`̂xñ_̀y

x : p^ q � y : p_ q

`̂xñ_̀y

xñy

x : q � y : q
_R

xñ_̀y

x : q � y : p_ q
^L

`̂xñ_̀y

x : p^ q � y : p_ q
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Ingredients

λ terms

♦ flow graphs ♦ proof nets
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Slogan

A proof term for Σ � ∆

encodes the flow of information

in a proof of Σ � ∆.
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Results

§ Cut elimination is confluent and terminating.

[So it can be understood as a kind of evaluation.]

§ Cut elimination for proof terms is local.
[So it is easily made parallel.]
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Proof Terms

See http://consequently.org/writing/

proof terms for classical derivations
Greg Restall*

Philosophy Department
The University of Melbourne
restall@unimelb.edu.au

march 19, 2017

Version 0.921

Abstract: I give an account of proof terms for derivations in a sequent calculus for classical propositional
logic. The term for a derivation δ of a sequent Σ � ∆ encodes how the premises Σ and conclusions
∆ are related in δ. This encoding is many–to–one in the sense that different derivations can have the
same proof term, since different derivations may be different ways of representing the same underlying
connection between premises and conclusions. However, not all proof terms for a sequent Σ � ∆ are
the same. There may be different ways to connect those premises and conclusions.

Proof terms can be simplified in a process corresponding to the elimination of cut inferences in se-
quent derivations. However, unlike cut elimination in the sequent calculus, each proof term has a unique
normal form (from which all cuts have been eliminated) and it is straightforward to show that term reduc-
tion is strongly normalising—every reduction process terminates in that unique normal form. Further-
more, proof terms are invariants for sequent derivations in a strong sense—two derivations δ1 and δ2

have the same proof term if and only if some permutation of derivation steps sends δ1 to δ2 (given a rela-
tively natural class of permutations of derivations in the sequent calculus). Since not every derivation of
a sequent can be permuted into every other derivation of that sequent, proof terms provide a non-trivial
account of the identity of proofs, independent of the syntactic representation of those proofs.

outline

This paper has six sections: Section 1 motivates the problem of proof identity, and reviews the
reasons that the question of proof identity for classical propositional logic is difficult.

Section 2 defines the sequent system to be analysed, showing that the standard structural rules
of Contraction and Weakening, and a less familiar structural rule—Blend—are height-preserving
admissible. It also introduces proof terms annotating sequent derivations, by analogy to the
well-understood sense in which λ terms annotate intuitionist natural deduction proofs. This
defines for a derivation δ a proof term τ(δ), a connection graph on the sequent derived by δ.

Section 3 covers an independent criterion for when a connection graph annotates some deriva-
tion. This can be seen as a kind of soundness and completeness result for proof terms.

*Thanks to the Melbourne Logic Group, Gothenburg University’s Logic Seminar, the DIP Colloquium and LiRa Sem-
inars at the University of Amsterdam, and Maria Aloni, Alexandru Baltag, Johan van Benthem, Franz Berto, Taus
Brock-Nannestad, Rohan French, Lloyd Humberstone, Mark Jago, Dave Ripley, Sonja Smets and especially to Shawn
Standefer for comments and feedback on earlier versions of this material. ¶ This research is supported by the Aus-
tralian Research Council, through Grant dp150103801.
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Proof Terms

as Graphs on Sequents

´̂xñ ´̂ _́y ´̂xñ ´̂ _̀y _́ `̂xñ `̂ _́y _̀ `̂xñ `̂ _̀y

x : p^ pq_ rq � y : pp^ qq _ pp^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq
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Finding a Proof Term from aDerivation

p � p q � q
^R

p, q � p ^ q

p � p r � r
^R

p, r � p ^ r
_L

p, q _ r � p ^ q, p ^ r
_R

p, q _ r � pp ^ qq _ pp ^ rq
^L

p ^ pq _ rq � pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq
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More FlowGraphs

p Ą q

pq Ą rq Ą pp Ą pq ^ rqq

pp ^␣pq _ q

q _ r

p q _ r

pp ^ qq r
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Proof Term Facts

Not every directed graph on occurrences of atoms in a sequent is a proof term.

§ They typecheck. [An occurrence of p is linked only with an occurrence of p.]

§ They respect polarities. [Positive occurrences of atoms in premises and
negative occurrences of atoms in conclusions are inputs. Negative
occurrences of atoms in premises and positive occurrences of atoms in
conclusions are outputs.]

§ They must satisfy an “enough connections” condition, amounting to a
non-emptiness under every switching. [e.g. the obvious linking between
premise p_ q and conclusion p^ q is not connected enough to be a
proof term.]
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Cut is chaining of proof terms

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

The cut formula is no longer a premise or a conclusion in the proof term.
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Eliminating Cuts is Local

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq
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q
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The Conjunction Reduction Case, for Derivations

δ1

Σ1 � A,∆1

δ2

Σ2 � B,∆1
^R

Σ1,2 � A^ B,∆1,2

δ3

Σ3, A, B � ∆3
^L

Σ3, A^ B � ∆3
CutA^B

Σ1´3 � ∆1´3

reduces to

δ1

Σ1 � A,∆1

δ2

Σ2 � B,∆1

δ3

Σ3, A, B � ∆3
CutB

Σ2,3, A � ∆2,3
CutA

Σ1´3 � ∆1´3
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TwoDifferent Proofs from pp^ qq _ pp^ rq to itself

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

The second proof term is the identity proof.
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Bounds

J andK are interesting.

They act like p_␣p and q^␣q,
except they have no internal structure.

p ^␣p

q

p

q _␣q

K

q

p

J

AK link has an input but no output.
AJ link has an output but no input.

No links haveJ as an input.
No links haveK as an output.
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Identity Proofs

A

A

This is defined in the obvious way.

p

p

J

J

K

K

A ^ B

A ^ B

A _ B

A _ B

␣A

␣A

A Ą B

A Ą B
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the proof term
category



objects: Formulas — arrows: Cut-Free Proof Terms

§ π : A Ñ B iff πpxqrys is a cut-free proof for x : A � y : B.

§ idA : A Ñ A is the identity proof term xññy of type A.

§ Composition is chaining proofs & elimination of cuts.

‚ If π : A Ñ B and τ : B Ñ C then τ ˝ π : A Ñ C is pπpxqr‚s τp‚qrysq˚.

§ Composition is associative.

§ Identity proofs are indeed identities in the category:

‚ pπpxqr‚s ‚ññyq˚ “ πpxqrys, and pxññ‚ πp‚qrysq˚ “ πpxqrys,
when π is cut-free.
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How Identity Proofs Compose

p Ą q

pq Ą rq Ą pp Ą pq ^ rqq

pq Ą rq Ą pp Ą pq ^ rqq

p Ą q

pq Ą rq Ą pp Ą pq ^ rqq
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Wehave a Category

Proof Terms

§ π has type Σ � ∆.

§ Proofs are set–set.

§ Proofs include Cuts.

xññy

x : A � y : A
πpxqrys

x : A � y : B
Cut

xññ‚ πp‚qrys

x : A � y : B

The Category T of Cut-Free Terms

§ π : A Ñ B.

§ Proofs are fmla–fmla.

§ Proofs have no Cuts.

idA

A Ñ A
π

A Ñ B

π ˝ idA “ π

A Ñ B
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What is the proof term category like?
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Cartesian Products

A Aˆ B B

C

π1 π2

π1 ˝ xf, gy “ f π2 ˝ xf, gy “ g

This looks a lot like conjunction.
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Many interesting categories have cartesian products.
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The Empty Product

A Aˆ B B

C

π1 π2

f
xf,gy

g

J

C
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Coproducts and Initial Objects

A A` B B

C

ι1

f
rf,gs

ι2

g

K

C
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Residuating Products— internalising arrows

f : Aˆ B Ñ C f̃ : A Ñ B Ą C ev : pB Ą Cq ˆ B Ñ C

pB Ą Cq ˆ B C

Aˆ B

ev

f̃ˆid f
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Cartesian Closed Categories…

…model intuitionistic logic.

They collapse into preorders when made classical.
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So what is the proof term category?

Since it isn’t a preorder, and it is classical…
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it’s not cartesian



J is not Terminal,K is not Initial

p^␣p

J

p ^␣p

J

K

q_␣q

K

q _␣q
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… and nothing else is initial or terminal either

If T is a candidate terminal object,
then there is some arrowJ Ñ T .

In this arrow all links are internal to T

(sinceJ is never a source in a link).

These links generate a proof term forK Ñ T ,
and this proof ignoresK.

There is a different proof term forK Ñ T

usingK and ignoring T .

(This dualises for any candidate initial object I.)
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Conjunction isn't Cartesian Product

A Aˆ B B

C

π1 π2

f
xf,gy

g

We have candidate projection arrows.

And a candidate pairing arrow.

But its composition with “projection”
need not restore f and g.
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An Example

f

p ^␣p

p

g

p ^␣p

q

xf, gy

p ^␣p

p ^ q

xf, gy then π1

p ^␣p

p ^ q

p

π1 ˝ xf, gy

p ^␣p

p

Notice: π1 ˝ xf, gy is not f.

It has some of g (in this case, all of the links of g) left behind.

However, in general, f Ď π1 ˝ xf, gy and g Ď π2 ˝ xf, gy.
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Diagnosis

This arises from the locality of cut reduction.

p,␣p � p

p^␣p � p

p � p, q

p,␣p � q

p^␣p � q
^R

p^␣p � p^ q

p, q � p
^L

p^ q � p
Cutp^q

p^␣p � p

ù

p,␣p � p

p^␣p � p

p � p, q

p,␣p � q

p^␣p � q p, q � p
Cutq

p, p^␣p � p
Cutp

p^␣p � p
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In fact, there are no Cartesian Products

A slightly more general argument shows that there is no object pˆ q

§ equipped with projection arrows π1 : pˆ q Ñ p and π2 : pˆ q Ñ q,
§ where there is some proof h : p^␣pÑ pˆ q, such that
§ π1 ˝ h “ f and π2 ˝ h “ g.

(The argument is a dilemma: does h contain a link between the instances of p in the
premise p^␣p? If it does, then composition with π1 preserves that link, and π1 ˝ h

isn’t f. If it doesn’t, there is no way for π2 ˝ h to contain that link.)
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So, if it isn’t Cartesian, what is the category like?
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it is monoidal,
& more…



Monoidal Categories

Many categories have something like cartesian product, but different.

Tensor product —b— in vector spaces is an important example.

This motivates the definition of a monoidal category.
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SymmetricMonoidal Categories

b : Cˆ C Ñ C 1 P ObpCq

αA,B,C : Ab pBb Cq
„
Ñ pAb Bq b C

σA,B : Ab B
„
Ñ BbA ιA : 1bA

„
Ñ A

where associativity (α), symmetry (σ) and unit (ι) behave sensibly.
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Associativity

pAb Bq b pCbDq

Ab pBb pCbDqq ppAb Bq b Cq bD

Ab ppBb Cq bDq pAb pBb Cqq bD

αAbB,C,DαA,B,CbD

idAbαB,C,D

αA,BbC,D

αA,B,CbidD

(The ‘Pentagon’)
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Symmetry

Ab B BbA

σA,B

σB,A

pAb Bq b C Ab pBb Cq pBb Cq bA

pBbAq b C Bb pAb Cq Bb pCbAq

αA,B,C

σA,BbidC

σA,BbC

αB,C,A

αB,A,C idBbσA,C

(The ‘Hexagon’)
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Symmetry

Ab B BbA

σA,B

σB,A

pAb Bq b C Ab pBb Cq pBb Cq bA

pBbAq b C Bb pAb Cq Bb pCbAq

αA,B,C

σA,BbidC

σA,BbC

αB,C,A

αB,A,C idBbσA,C

(The ‘Hexagon’)
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(Let’s drop the subscripts on α, σ, ι, id where there’s no ambiguity.)
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Unit

pAb 1q b B Ab p1b Bq

p1bAq b B Ab B

α

σbid idbι

ιbid

(The ‘Square’)
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Proof Terms are a SymmetricMonoidal Category under^{J

^ : T ˆ T Ñ T J P ObpTq

^
α : A^ pB^ Cq

„
Ñ pA^ Bq ^ C

^
σ : A^ B

„
Ñ B^A

^
ι : J^A

„
Ñ A

and indeed, associativity (
^
α), symmetry (

^
σ) and unit (

^
ι ) behave sensibly.
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^
α,

^
σ and

^
ι

^
αA,B,C

A ^ pB ^ Cq

pA ^ Bq ^ C

^
σA,B

A ^ B

B ^ A

^
ιA

J^ A

A
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^
α,

^
σ and

^
ι are isomorphisms

^
α

´1
˝

^
α

A ^ pB ^ Cq

pA ^ Bq ^ C

A ^ pB ^ Cq

id

A ^ pB ^ Cq

A ^ pB ^ Cq

^
σ

´1
˝

^
σ

A ^ B

B ^ A

A ^ B

id

A ^ B

A ^ B

Greg Restall A Concrete Category of Classical Proofs 52 of 82



^
α,

^
σ and

^
ι are isomorphisms

^
ι

´1
˝

^
ι

J^ A

A

J ^ A

id

J^ A

J ^ A

^
ι ˝

^
ι

´1

A

J ^ A

A

id

A

A
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The Pentagon, Hexagon, Square, etc., commute

pA^Jq ^ B A^ pJ ^ Bq

pJ ^Aq ^ B A^ B

^
α

^
σ^id id^

^
ι

^
ι ^id

p
^
ι ^ idq ˝ p

^
σ ^ idq

pA ^Jq ^ B

pJ ^ Aq ^ B

A ^ B

“

pA ^Jq ^ B

A ^ B

pid ^
^
ι q ˝

^
α

pA ^Jq ^ B

A ^ pJ ^ Bq

A ^ B
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The Pentagon, Hexagon, Square, etc., commute

pA^ Bq ^ pC^Dq

A^ pB^ pC^Dqq ppA^ Bq ^ Cq ^D

A^ ppB^ Cq ^Dq pA^ pB^ Cqq ^D

^
α

^
α

id^
^
α

^
α

^
α^id

Greg Restall A Concrete Category of Classical Proofs 55 of 82



The Pentagon, Hexagon, Square, etc., commute

pA^ Bq ^ C A^ pB^ Cq pB^ Cq ^A

pB^Aq ^ C B^ pA^ Cq B^ pC^Aq

^
α

^
σ^id

^
σ

^
α

^
α id^

^
σ
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Proof Terms are a SymmetricMonoidal Category under_{K

_ : T ˆ T Ñ T K P ObpTq
_
α : A_ pB_ Cq

„
Ñ pA_ Bq _ C

_
σ : A_ B

„
Ñ B_A

_
ι : K_A

„
Ñ A

and associativity (
_
α), symmetry (

_
σ) and unit (

_
ι ) behave just as sensibly.
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Linear Distributive Categories

The operators^ and_ are connected by δ and δ 1

δ : A^ pB_ Cq Ñ pA^ Bq _ C δ 1 : pA_ Bq ^ C Ñ A_ pB^ Cq

If the operators are symmetric, then we need only one.

pA_ Bq ^ C A_ pB^ Cq

C^ pA_ Bq pB^ Cq _A

C^ pB_Aq pC^ Bq _A

δ 1

^
σ

id^
_
σ

_
σ

δ

^
σ_id
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δ and δ 1 are obvious proof terms

δ

A ^ pB _ Cq

pA ^ Bq _ C

δ 1

pA _ Bq ^ C

A _ pB ^ Cq
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Linear Distributivity Conditions

J^ pA_ Bq

pJ ^Aq _ B A_ B

^
ι

δ

^
ι _id

pA^ Bq ^ pC_Dq A^ pB^ pC_Dqq

A^ ppB^ Cq _Dq

ppA^ Bq ^ Cq _D pA^ pB^ Cqq _D

^
α

δ

id^δ

δ

^
α_id

ppA_ Bq ^ Cq _D pA_ Bq ^ pC_Dq A_ pB^ pC_Dqq

pA_ pB^ Cqq _D A_ ppB^ Cq _Dq

δ 1_id

δ δ 1

id_δ

α

(These diagrams clearly commute in the proof term category.)
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Star-Autonomous Categories

There are a number of ways to define Star-Autonomous Categories.

We have a␣A for each object A, and two sets of arrows.

γA : A^␣A Ñ K τA : J Ñ ␣A_A

These arrows have natural proof terms.

γ

A ^␣A

K

τ

J

␣A _ A
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These DiagramsMust Commute

A^ p␣A_Aq pA^␣Aq _A K_A

A^J A

δ γ_id

_
ιid^τ

^
ι

p␣A_Aq ^ ␣A ␣A_ pA^␣Aq ␣A_K

J^␣A ␣A

δ 1 id_γ

_
ιτ^id

^
ι

These aren’t so obviously commutative as proof terms.
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The negation diagrams commute in the proof term category

A^ p␣A_Aq pA^␣Aq _A K_A

A^J A

δ γ_id

_
ιid^τ

^
ι

_
ι ˝ pγ _ idq ˝ δ ˝ pid ^ τq

A ^J

A ^ p␣A _ Aq

pA ^␣Aq _ A

K_ A

A

^
ι

A ^J

A
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The negation diagrams commute in the proof term category
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^
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Star-Autonomous Categories and Linear Logic

These categories model the multiplicative fragment of linear logic.
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Linear Implication

I won’t pause now to explain how A Ą B, definable as␣A_ B

(or as␣pA^␣Bq, to which it’s isomorphic) is a right adjoint to^.
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We can domore

Our proof terms allow contraction and weakening.
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Weakening and ContractionMonoids and Comonoids

∇A : A_A Ñ A

K

βA : K Ñ A

∇A

A _ A

A

K

βA

K

A

∆A : A Ñ A^A

J

βA : A Ñ J

δA

A

A ^ A

J

βA

A

J
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Weakening and ContractionMonoids and Comonoids

∇A : A_A Ñ A

K

βA : K Ñ A

∇A

A _ A

A

K

βA

K

A

∆A : A Ñ A^A

J

βA : A Ñ J

δA

A

A ^ A

J

βA

A

J
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WhatMakes
K

β and
J

β weakening?

A A_K A_ B

A^ B A^J A

_
ι id_

K

βB

id^
J

βB
^
ι
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(Co)monoidal Conditions for Contraction andWeakening

pA_Aq _A A_ pA_Aq

A_A A A_A

_
α

∇_id id_∇

∇ ∇

A_K A_A K_A

K_A A

id_
K
β

_
σ ∇

K
β_id

_
ι_

ι

A_A A_A

A

_
σ

∇ ∇
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Structurality for∇ and
K

β: disjunctions

pA_ Bq _ pA_ Bq A_ pB_ pA_ Bqq A_ ppB_Aq _ Bq

A_ ppA_ Bq _ Bq

A_ pA_ pB_ Bqq

A_ B pA_Aq _ pB_ Bq

α

∇

id_α

id_pσ_idq

id_α

α

∇_∇

K K_K

A_ B

_
ι

K
β

K
β_

K
β
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Structurality for∇ and
K

β: bounds

K_K K

∇K

_
ιK

K K

K

βK

idK

All these conditions are straightforward to verify for proof terms.
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And dually for ∆ and
J

β.
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Blend

A A

B B

f g

A

B

f g

A

B

fY g

Y is a semilattice join on HompA,Bq.

pfY f 1q ˝ g “ pf ˝ gq Y pf 1 ˝ gq f ˝ pgY g 1q “ pf ˝ gq Y pf ˝ g 1q

The term category T is enriched in SLat.
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Classical Categories

Classical categories are
star autonomous categories

with structural monoids and comonoids,
enriched in SLat.

Cf. Führmann and Pym:
§ “Order-enriched categorical models of the classical sequent calculus”

JPAA (2006)
§ “On categorical models of classical logic and the Geometry of Interaction”

MSCS (2007).
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isomorphisms



pp^ qq _ pp^ rq is not isomorphic top^ pq_ rq

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq
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Also Not Isomorphisms

p fl p^ p p fl p_ p

p^ pp_ qq fl p_ pp^ qq p_␣p fl J q^␣q fl K
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Isomorphisms

A^J – A A^ B – B^A A^ pB^ Cq – pA^ Bq ^ C

A_K – A A_ B – B_A A_ pB_ Cq – pA_ Bq _ C

␣pA^ Bq – p␣A_␣Bq ␣pA_ Bq – p␣A^␣Bq ␣␣A – A

␣J – K ␣K – J J_J – J K^K – K

These isomorphisms (together with substitution into arbitrary contexts)
characterise isomorphism in the term category T.
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Hyperintensionality

Inside classical logic,
there is a fine-grained,

hyperintensional notion
of sameness of content,

tighter than logical equivalence
but looser than syntactic identity.
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further work



ToDo List

§ Finish the completeness proof, to the effect that TL is the free
classical category on L.

§ Explore other examples of classical categories.

§ Consider the restriction to terms for intuitionist derivations.
(This still isn’t Cartesian. What sort of category is it?)

§ Extend all of this to first order predicate logic.
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thank you!
http://consequently.org/presentation/2017/

a-category-of-classical-proofs-tacl

@consequently

http://consequently.org/presentation/2017/a-category-of-classical-proofs-tacl
http://consequently.org/presentation/2017/a-category-of-classical-proofs-tacl
http://twitter.com/consequently
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